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A NEW CHARACTERISTIC PROPERTY OF RICH WORDS
MICHELANGELO BUCCI, ALESSANDRO DE LUCA, AMY GLEN, AND LUCA Q. ZAMBONI
ABSTRACT. Originally introduced and studied by the third and fourth authors together with
J. Justin and S. Widmer (2008), rich words constitute a new class of finite and infinite words char-
acterized by containing the maximal number of distinct palindromes. Several characterizations
of rich words have already been established. A particularly nice characteristic property is that all
‘complete returns’ to palindromes are palindromes. In this note, we prove that rich words are also
characterized by the property that each factor is uniquely determined by its longest palindromic
prefix and its longest palindromic suffix.
1. INTRODUCTION
In [5], X. Droubay, J. Justin, and G. Pirillo proved that any finite word w of length |w| contains
at most |w| + 1 distinct palindromes (including the empty word). Inspired by this result, the
third and fourth authors together with J. Justin and S. Widmer recently initiated a unified study
of finite and infinite words that are characterized by containing the maximal number of distinct
palindromes (see [10]). Such words are called rich words in view of their ‘palindromic richness’.
More precisely, a finite word w is rich if and only if it has exactly |w| + 1 distinct palindromic
factors. For example, the word abac is rich since it is of length 4 and has exactly 5 distinct
palindromic factors: ε, a, b, c, aba. However, if we switch the order of the last two letters, then
the resulting word abca is not rich since we lose the palindrome aba. An infinite word is rich if
all of its factors are rich. For example, the infinite words aω = aaa · · · and (ab)ω = ababab · · ·
are clearly rich, whereas (abc)ω = abcabcabc · · · is not, since it contains the non-rich word abca.
Rich words have appeared in many different contexts; they include episturmian words [5, 9],
complementation-symmetric Rote sequences [1], symbolic codings of trajectories of symmetric
interval exchange transformations [6, 7], trapezoidal words [4], and a certain class of words
associated with β-expansions where β is a Parry number [2]. Another special class of rich words
consists of S. Fischler’s sequences with “abundant palindromic prefixes”, which were introduced
and studied in [8] in relation to Diophantine approximation. Some other simple examples of
rich words include: non-recurrent infinite words like abbbb · · · and abaabaaabaaaab · · · ; the
periodic infinite words: (aabkaabab)(aabkaabab) · · · , with k ≥ 0; the aperiodic recurrent infinite
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word ψ(f ) where f = abaababaaba · · · is the Fibonacci word and ψ is the morphism: a 7→
aabkaabab, b 7→ bab; and the recurrent, but not uniformly recurrent, infinite word generated by
the morphism: a 7→ aba, b 7→ bb. See [10] for further examples and references.
Let u be a non-empty factor of a finite or infinite word w. We say that u is unioccurrent in
w if u has exactly one occurrence in w. Otherwise, if u has more than one occurrence in w,
then there exists at least one factor r of w having exactly two distinct occurrences of u, one
as a prefix and one as a suffix. Such a factor r is called a complete return to u in w. For
example, aabcbaa is a (palindromic) complete return to the palindrome aa in the rich word
aabcbaaba. In [10], it was shown that rich words are characterized by the property that all
complete returns to palindromes are palindromes. Using this characteristic property, it is easy
to see, for instance, that the Finnish palindromes avattava and ettette are rich, whereas the
palindrome saippuakivikauppias (meaning soap-stone vendor) is not rich since it contains a
non-palindromic complete return to the letter a (namely aippua).
The following proposition collects together all of the characteristic properties of rich words
that were previously established in [5] and [10].
Proposition 1. For any finite or infinite word w, the following conditions are equivalent:
i) w is rich;
ii) every prefix ofw has a unioccurrent palindromic suffix (and equivalently, whenw is finite,
every suffix of w has a unioccurrent palindromic prefix);
iii) every factor u of w contains exactly |u|+ 1 distinct palindromes;
iv) for each factor u of w, every prefix (resp. suffix) of u has a unioccurrent palindromic
suffix (resp. prefix);
v) for each palindromic factor p of w, every complete return to p in w is a palindrome.
Remark 2. The equivalences: i) ⇔ ii), i) ⇔ iii), and i) ⇔ iv) were proved in [5].
Explicit characterizations of periodic rich infinite words and recurrent balanced rich infinite
words have also been established in [10]. More recently, we proved the following connection
between palindromic richness and complexity.
Proposition 3. [3] For any infinite word w whose set of factors is closed under reversal, the
following conditions are equivalent:
• all complete returns to palindromes are palindromes;
• P(n) + P(n + 1) = C(n+ 1)− C(n) + 2 for all n ∈ N,
where P (resp. C) denotes the palindromic complexity (resp. factor complexity) function of w,
which counts the number of distinct palindromic factors (resp. factors) of each length in w.
From the perspective of richness, the above result can be viewed as a characterization of
recurrent rich infinite words since any rich infinite word is recurrent if and only if its set of
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factors is closed under reversal (see [10]). Interestingly, the proof of Proposition 3 relied upon
another characterization of rich words, stated below.
Let v˜ denote the reversal of a given word v.
Proposition 4. [3] A finite or infinite word w is rich if and only if, for each factor v of w, every
factor of w beginning with v and ending with v˜ and containing no other occurrences of v nor of
v˜ is a palindrome.
In this note, we establish yet another interesting characteristic property of rich words. Our
main results are the following two theorems.
Theorem 5. For any finite or infinite word w, the following conditions are equivalent:
(A) w is rich;
(B) each non-palindromic factor u ofw is uniquely determined by a pair (p, q) of palindromes
such that p and q are not factors of each other and p (resp. q) is the longest palindromic
prefix (resp. suffix) of u.
Theorem 6. A finite or infinite word w is rich if and only if each factor of w is uniquely deter-
mined by its longest palindromic prefix and its longest palindromic suffix.
By contrast, a rich word is not uniquely determined by its longest palindromic prefix and
suffix. For example, consider the words acb and adb where a, b, c, d are mutually distinct letters.
These two words are rich with the same longest palindromic prefix (namely a) and the same
longest palindromic suffix (namely b).
2. TERMINOLOGY AND NOTATION
In this paper, all words are taken over a finite alphabetA, i.e., a finite non-empty set of symbols
called letters. A finite word over A is a finite sequence of letters from A. A (right) infinite word
x is a sequence indexed by N+ with values in A, i.e., x = x1x2x3 · · · with each xi ∈ A.
Given a finite word w = x1x2 · · ·xm (where each xi is a letter), the length of w, denoted by
|w|, is equal to m. We denote by w˜ the reversal of w, given by w˜ = xm · · ·x2x1 (the “mirror
image” of w). If w = w˜, then w is called a palindrome. By convention, the empty word ε (i.e.,
the unique word of length 0) is assumed to be a palindrome.
A finite word z is a factor of a finite or infinite word w if w = uzv for some words u, v. In the
special case u = ε (resp. v = ε), we call z a prefix (resp. suffix) of w. If u 6= ε and v 6= ε, then we
say that z is an interior factor of w = uzv. A proper factor (resp. proper prefix, proper suffix) of
a word w is a factor (resp. prefix, suffix) of w that is shorter than w. We use the notation p−1w
(resp. ws−1) to indicate the removal of a prefix p (resp. suffix s) of the word w.
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3. PROOFS OF PROPOSITIONS 1 AND 4
For the sake of completeness, we will first provide simple proofs of the characteristic proper-
ties stated in Propositions 1 and 4.
Proof of Proposition 1. We begin by proving the equivalence of properties i) and ii).
i) ⇔ ii): Let P (w) denote the number of distinct palindromic factors of w. For any word u and
letter x, we have
P (ux) =
{
P (u) if ux does not have a unioccurrent palindromic suffix,
P (u) + 1 if ux has a unioccurrent palindromic suffix.
Therefore, by induction (with P (ε) = 1), it follows that P (w) is precisely the number of prefixes
of w that have a unioccurrent palindromic suffix. In particular P (w) ≤ |w| + 1, and moreover
we see that P (w) = |w| + 1 (i.e., w is rich) if and only if each prefix of w has a unioccurrent
palindromic suffix. Similarly, when w is finite, we deduce that w is rich if and only if each suffix
of w has a unioccurrent palindromic prefix.
ii) ⇒ iii): Suppose w satisfies property ii) (i.e., w is rich) and let u be any factor of w. Then
w = vuv′ for some words v, v′ where v is finite, and v′ is finite or infinite depending on w. By
property ii), every prefix of vu has a unioccurrent palindromic suffix, and so again by ii), every
suffix of u have a unioccurrent palindromic prefix. Thus, by the equivalence of properties i) and
ii), u is rich, i.e., u has exactly |u|+ 1 distinct palindromic factors.
iii) ⇒ iv): Suppose w satisfies property iii). Then every factor of w is rich. Hence, for each
factor u of w, every prefix (resp. suffix) of u has a unioccurrent palindromic suffix (resp. prefix),
by the equivalence of properties i) and ii).
iv) ⇒ v): Suppose to the contrary that property v) does not hold for w satisfying property iv).
Then w contains a non-palindromic complete return r to a palindrome p. We deduce that r =
pup for some non-palindromic word u. Indeed, since r is not a palindrome, r 6= pp and the
two occurrences of p in r cannot overlap; otherwise there exists a non-empty word v such that
r = pv−1p, in which case p = vf = gv = v˜g˜ = p˜ for some words f , g. Whence v = v˜ and
r = gv˜g˜ = gvg˜, a palindrome. Now, we easily see that p is the longest palindromic suffix of r;
otherwise p would occur in the interior of r as a prefix of a longer palindromic suffix of r. But
then r does not have a unioccurrent palindromic suffix (as p is also a prefix of r), a contradiction.
v) ⇒ i): Suppose not. Let u be a factor of w of minimal length satisfying property v) and not
rich. Since all words of length 3 or less are rich (easy to check), we may write u = xvy with x, y
letters and v a word of length at least 2. By the minimality of u, xv is rich and by the equivalence
of i) and ii), the longest palindromic suffix p of u occurs more than once in u. Hence, by property
v), we reach a contradiction to the maximality of p. 
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Proof of Proposition 4. ONLY IF: Consider any factor v ofw and let u be a factor ofw beginning
with v and ending with v˜ and containing neither v nor v˜ as an interior factor. If v is a palindrome,
then either u = v = v˜ (in which case u is clearly a palindrome), or u is a complete return to v in
w, and hence u is (again) a palindrome by Proposition 1.
Now assume that v is not a palindrome. Suppose by way of contradiction that u is not a palin-
drome and let p be the longest palindromic suffix of u (which is unioccurrent in u by richness).
Then |p| < |u| as u is not a palindrome. If |p| > |v|, then v˜ is a proper suffix of p, and hence v is
a proper prefix of p. But then v is an interior factor of u, a contradiction. On the other hand, if
|p| ≤ |v|, then |p| 6= |v| and p is a proper suffix of v˜ (as v˜ is not a palindrome), and hence p is a
proper prefix of v. Thus p is both a prefix and a suffix of u; in particular p is not unioccurrent in
u, a contradiction.
IF: The given conditions tell us that any complete return to a palindromic factor v (= v˜) of w
is a palindrome. Hence w is rich by Proposition 1. 
4. PROOF OF THEOREM 5
We will now prove our first main theorem. The following two lemmas establish that (A)
implies (B).
Lemma 7. Suppose w is a finite or infinite rich word and let u be any non-palindromic factor of
w with longest palindromic prefix p and longest palindromic suffix q. Then p 6= q, and p and q
are not proper factors of each other.
Proof. By Proposition 1, p and q are unioccurrent factors of u. Thus, since u is not a palindrome
(and hence |u| > max{|p|, |q|}), it follows immediately that p 6= q, and p and q are not proper
factors of each other. 
Lemma 8. Suppose w is a finite or infinite rich word. If u and v are factors of w with the same
longest palindromic prefix p and the same longest palindromic suffix q, then u = v.
Proof. We first observe that if u or v is a palindrome, then u = p = q = v. So let us now assume
that neither u nor v is a palindrome.
Suppose to the contrary that u 6= v. Then u and v are clearly not factors of each other
since neither u nor v is equal to p or q, and p and q are unioccurrent in each of u and v (by
Proposition 1). Let z be a factor of w of minimal length containing both u and v. As u and v
are not factors of each other, we may assume without loss of generality that z begins with u and
ends with v. Then z contains at least two distinct occurrences of p (as a prefix of each of u and
v). In particular, z begins with a complete return r1 to p with |r1| > |u| because p is unioccurrent
in u by Proposition 1. Moreover, r1 is a palindrome by the richness of w, and hence r1 ends with
u˜ since u is a proper prefix of r1. Similarly, z ends with a complete return r2 to q with |r2| > |v|
since q is unioccurrent in v by Proposition 1. Hence, since r2 is a palindrome (by the richness of
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w) and v is a proper suffix of r2, it follows that r2 begins with v˜. So we have shown that u˜ and v˜
are (distinct) interior factors of z.
Let us first suppose that an occurrence of v˜ is followed by an occurrence of u˜ in z (i.e., z has
an interior factor beginning with v˜ and ending with u˜). Then, since q is a unioccurrent prefix of
each of the (distinct) factors v˜ and u˜, we deduce that z contains (as an interior factor) a complete
return r3 to q beginning with v˜. In particular, as r3 is a palindrome (by richness), r3 ends with
v. Thus, z has a proper prefix beginning with u and ending with v, contradicting the minimality
of z. On the other hand, if z has an interior factor beginning with u˜ and ending with v˜, then using
the same reasoning as above, we deduce that z has a proper suffix beginning with u and ending
with v. But again, this contradicts the minimality of z; whence u = v. 
The proof of “(A) ⇒ (B)” is now complete. The next lemma proves that (B) implies (A).
Lemma 9. Suppose w is a finite or infinite word with the property that each non-palindromic
factor u of w is uniquely determined by a pair (p, q) of distinct palindromes such that p and q
are not factors of each other and p (resp. q) is the longest palindromic prefix (resp. suffix) of u.
Then w is rich.
Proof. To prove that w is rich, it suffices to show that each prefix of w has a unioccurrent palin-
dromic suffix (see Proposition 1).
Let u be any prefix of w and let q be the longest palindromic suffix of u. We first observe that
if u is a palindrome then u = q, and hence q is unioccurrent in u. Now let us suppose that u is
not a palindrome and let p be the longest palindromic prefix of u. If q is not unioccurrent in u,
then, as p and q are not factors of each other (by the given property of w), we deduce that u has a
proper factor v beginning with p and ending with q and containing neither p nor q as an interior
factor. Moreover, we observe that p is the longest palindromic prefix of v; otherwise p would
occur in the interior of v (as a suffix of a longer palindromic prefix of v). Similarly, we deduce
that q is the longest palindromic suffix of v. So v has the same longest palindromic prefix and
the same longest palindromic suffix as u, a contradiction. Whence q is unioccurrent in u. This
completes the proof of the lemma. 
5. PROOF OF THEOREM 6
Lemma 8 proves that each factor of a rich word is uniquely determined by its longest palin-
dromic prefix and its longest palindromic suffix.
Conversely, suppose w is a finite or infinite word with the property that each factor of w is
uniquely determined by its longest palindromic prefix and its longest palindromic suffix. To
prove that w is rich, we could use very similar reasoning as in the proof of Lemma 9. But for
the sake of interest, we give a slightly different proof. Specifically, we show that all complete
returns to any palindromic factor of w are palindromes; whence w is rich by Proposition 1.
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Let us suppose to the contrary that w contains a non-palindromic complete return r to a palin-
dromic factor p. Then r = pvp for some non-palindromic word v (as already observed in the
proof vi) ⇒ v) in Proposition 1). We easily see that p is both the longest palindromic prefix and
the longest palindromic suffix of r; otherwise p would occur in the interior of r as a suffix of
a longer palindromic prefix of r, or as a prefix of a longer palindromic suffix of r. As r 6= p,
we have reached a contradiction to the fact that p is the only factor of w having itself as both its
longest palindromic prefix and its longest palindromic suffix. Thus, all complete returns to p in
w are palindromes. This completes the proof of Theorem 6. 
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